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We evaluate drag and diffusion transport coefficients comparing a quasi-particle approximation
with on-shell constituents of the QGP medium and a dynamical quasi-particles model with off-shell
bulk medium at finite temperature T. We study the effects of the width γ of the particles of the bulk
medium on the charm quark transport properties exploring the range where γ < Mq,g. We find that
off-shell effects are in general quite moderate and can induce a reduction of the drag coefficient at low
momenta that disappear already at moderate momenta, p >
∼
2−3GeV. We also observe a moderate
reduction of the breaking of the Fluctuation-Dissipation theorem (FDT) at finite momenta.
Moreover, we have performed a first study of the dynamical evolution of HQ elastic energy loss
in a bulk medium at fixed temperature extending the Boltzmann (BM) collision integral to include
off-shell dynamics. A comparison among the Langevin dynamics, the BM collisional integral with
on-shell and the BM extension to off-shell dynamics shows that the evolution of charm energy when
off-shell effects are included remain quite similar to the case of the on-shell BM collision integral.
I. INTRODUCTION
Heavy quarks (HQs), namely charm and bottom,
are considered as a solid probe to characterize the
matter created in the QGP phase [1–8]. The large
mass of heavy quarks has several implications in this
context. They are produced in the early stage of the
collisions by pQCD process and being MHQ >> T
also the thermal pair production and annihilation
processes are negligible. For a perturbative interac-
tion due also to the large mass leading to collisions
with small momentum transfer, the HQ propaga-
tion through the QGP medium can be described as
a diffusion process assimilated to a Brownian motion
[2, 3, 9]. Furthermore, the large mass has the effect
to reduce the equilibration rate of heavy quarks in
the medium relative to their light counterparts lead-
ing to a thermalization time comparable to the one
of the life time of the fireball [3, 10]. Therefore,
the standard approach to describe the propagation
of HQ in QGP has been quite often treated within
the framework of the Fokker-Planck equation [2, 11–
21]. However, the evidence of non-perturbative in-
teraction and the large initial temperatures at LHC,
Mc ≃ 3T ≃< pbulk >, hint at a scattering dynamics
more appropriately described by a Boltzmann colli-
sion integral that implies significant deviations from
a gaussian fluctuation around the average momen-
tum of the charm quark [9, 22–29].
One of the main observable for HQs that it has
been also extensively used as a probe of QGP, is
the nuclear suppression factor, RAA(pT ), [30–32].
It is defined as the ratio between the heavy fla-
vor hadrons produced in nucleus-nucleus collisions
with respect to those produced in proton-proton col-
lisions. Another observable extensively studied is
the elliptic flow [33, 34], v2(pT ) =< cos(2φ) >, a
measure of the anisotropy in the angular distribu-
tion of heavy mesons in momentum space, as a re-
sponse to the initial anisotropy in coordinate space
in non-central collisions. In literature several studies
have been performed in these years, to theoretically
study both these observables with the aim to un-
derstand heavy quark dynamics in QGP employing
the Langevin or the on-shell Boltzmann transport
equation [9, 12, 13, 22, 25, 29, 35–44]. However,
being the QGP strongly interacting, a full quantum
description of the charm quark interaction should
include in principle also the off-shell dynamics, an
approach that has been developed only in [45] for
the study of the transport coefficients and it is in-
cluded in the PHSD approach to heavy-ion collisions
[27, 38, 46]. In this paper we extended this study ex-
ploring also the effects of larger widths and in par-
ticular discussing the effect also in terms of the Fluc-
tuations Dissipation Theorem (FDT). Moreover, we
present a first study of the time evolution of the
charm momentum in a bulk medium at fixed tem-
perature T comparing directly the Langevin evolu-
tion, the Boltzmann on-shell evolution and an exten-
sion of the Boltzmann collision integral to include
off-shell dynamics. We also discuss the impact that
off-shell dynamics can have on the RAA(pT ).
The paper is organized as follows. In the next sec-
tions we will briefly present the on-shell Boltzmann
transport equation, the Fokker-Planck (Langevin)
one and the definition of drag and diffusion coef-
ficients in both on-shell and off-shell approaches.
In section III, we discuss the results obtained for
the transport coefficients in both on-shell and off-
shell models. Section IV is devoted to discuss
the dynamical evolution of charm quarks in a bulk
2medium at finite T by comparing the results ob-
tained in Langevin, on-shell and off-shell Boltzmann
approaches. Section V contains the summary and
conclusions.
II. BOLTZMANN TRANSPORT EQUATION
AND TRANSPORT COEFFICIENTS
In this section we are interested to study both the
transport coefficients and the time evolution of the
phase-space distribution function of heavy quarks
(HQs). The starting point in the study of propa-
gation of heavy quark is the relativistic transport
equation for HQs scattering in a bulk medium of
quarks and gluons. We therefore briefly describe the
relativistic Boltzmann-Vlasov equation from which
we will deduce the transport coefficients for on-shell
dynamics and the Fokker-Planck equation. The on-
shell transport equation can be expressed by the
Boltzmann-Vlasov equation given by the following
integro-differential equation:
{pµ∂µ +m∗(x)∂µm∗(x)∂µp }fQ(x, p) = C[fq, fg, fQ]
(1)
where fQ(x, p) and fq,g(x, p) are the phase-
space distribution functions for the heavy quark
and light quarks and gluons respectively, while
C[fq, fg, fQ](x, p) is the relativistic Boltzmann-like
collision integral allowing to describe the short range
interaction between heavy quark and particles of
plasma. The distribution function of the bulk
medium of quarks and gluons has in general to be
determined by another set of equations that could
be the Boltzmann-Vlasov equations for quark and
gluons [47–49]. In the present study, we want to
address a direct comparison between two different
dynamics: the relativistic Langevin dynamics and
the relativistic Boltzmann transport theory. In the
second approach, we will discuss the role of on-shell
and off-shell effects on the HQ dynamics. In order
to have a better focusing and testing the dynamics
between these different approaches the bulk medium
will be considered as a thermal bath at equilibrium
at some temperature T . Moreover, we will calcu-
late the different transport coefficients of HQs in a
static medium at finite temperature. This will give
the response of the medium to the propagation of
HQs under fixed thermodynamical conditions. This
is a first step before studying the more complex
case of the expanding medium in realistic uRHIC
where gradients of density and temperature are in-
volved. Therefore in our calculations we neglect ef-
fects caused by space-time variation of the scalar
mean fields, ∂µm
∗(x) ≈ 0. Assuming that the dis-
tribution function is x independent, i.e. the plasma
is uniform, each variation of the distribution func-
tion is due to collisions and the Boltzmann equation
is simplified to a integro-differential equation only
respect to time:
p0∂0fQ = C[fq, fg, fQ]. (2)
We will consider only two-body collisions where the
collision integral C[fq, fg, fQ](p) can be expressed by
the following relation:
C[f ] =
1
2Ep
∫
d3q
2Eq(2π)3
∫
d3q′
2Eq′(2π)3
∫
d3p′
2Ep′(2π)3
· 1
dQ
∑
g,q,q¯
|M(g(q, q¯)c→ g(q, q¯)c))|2
· (2π)4δ4(p+ q − p′ − q′)[fQ(p′)fˆ(q′)− fQ(p)fˆ(q)]
(3)
where p (q) and p′ (q′) represent respectively the
initial and final momentum of heavy quark (plasma
particle) and |MQ|2 is the squared modulus of scat-
tering matrix of the process. In order to solve the
collision integral it is necessary to evaluate the scat-
tering matrix |MQ|2. In our calculations the HQs
interact with the medium by mean of two-body col-
lisions regulated by the scattering matrix of the pro-
cesses g +Q→ g +Q and q(q¯) +Q→ q(q¯) +Q.
A successful way to treat non-perturbative effects
in heavy-quark scattering is given by Quasi-Particle
approach (QPM), in which the interaction is en-
coded in the quasi-particle masses that behave like
massive constituents of free gas plus a background
field interaction given by a temperature dependent
bag constant, for details see ref. [50]. The main fea-
ture of QPM approach is that the resulting coupling
is significantly stronger than the one coming from
pQCD running coupling, particularly at T → Tc. It
has been shown that QPM can reproduce the lattice
QCD Equation of State: pressure, energy density
and interaction measure T µµ = ǫ − 3P . The rela-
tions of the masses of light quarks and gluons to the
coupling and temperature are calculated in a per-
turbative approach:
m2g =
1
6
g(T )2
[(
Nc +
1
2
Nf
)
T 2 +
Nc
2π2
∑
q
µ2q
]
,
m2u,d,s =
N2c − 1
8Nc
g(T )2
[
T 2 +
µ2u,d
π2
]
(4)
where Nf and Nc are respectively the number of
flavours and colours, µq is the chemical potential of
the q flavour that in our calculation is neglected.
Even if the formal relation is perturbative-like, the
g(T ) is obtained by a fit to the energy density of
3lattice QCD (lQCD) and it is expressed by:
g2(T ) =
48π2
[(11Nc − 2Nf )ln[λ( TTc −
Ts
Tc
)]]2
(5)
where λ = 2.6 and Ts/Tc = 0.57, with Tc =
155MeV . We obtain a non perturbative behaviour
of the coupling especially for T → Tc.
The evaluation of the scattering matrix has been
performed considering the leading-order diagrams.
In this approach the effective coupling g(T ) leads to
effective vertices and a dressed massive gluon propa-
gator for g+Q→ g+Q and massive quark propaga-
tor for q(q¯) +Q→ q(q¯) +Q scatterings. The detail
of the calculations can be found in Ref. [45].
A. On-shell Transport Coefficients and
Fokker-Planch equation
We give a brief description of the derivation of
HQ transport coefficients. We can also express the
collision integral in relation to the rate of collisions
ω(p,k) between HQ and light bulk particles, where
k is the transferred momentum during the collision:
C[f ] =
∫
d3k[ω(p+ k,k)f(p+ k)− ω(p,k)f(p)].
(6)
The rate of collision ω(p,k) is given by:
ω(p,k) = dQGP
∫
d3q
(2π)3
fˆ(q)vq,p
dσp,q→p−k,q+k
dΩ
.
(7)
In this relation dQGP defines degree of freedom of
particle in collision with heavy quark, fˆ(q) is the
time and space independent distribution function of
particle in the plasma of momentum q, vq,p defines
the relative velocity and σp,q→p−k,q+k is the differ-
ential cross section of the scattering process.
Differential cross section can be expressed by the
following relation:
dσp,q→p−k,q+k
dΩ
=
1
(2π)6
1
vp,q
1
2Eq
1
2Ep
1
dQdQGP
∑
|MQ|2
× 1
2Eq+k
1
2Ep−k
(2π)4δ(Ep + Eq − Ep−k − Eq+k)
(8)
with the
∑
intended over all the elastic scattering
channels g +Q → g +Q and q(q¯) +Q → q(q¯) + Q.
The non-linear integro-differential Boltzmann equa-
tion cannot be easily solved and a way to simplify
the calculation is to employ the Landau approxi-
mation leading to a relativistic Fokker-Planck equa-
tion with momentum dependent transport equation.
This assumption is physical motivated by the sug-
gestion that during collision the transfer momentum
k is small and we can operate an expansion of the
integral:
f(p+ k)ω(p+ k,k) =f(p)ω(p,k) + k
∂
∂p
(ωf)
×+1
2
kikj
∂2
∂pi∂pj
(ωf) + ...
(9)
Defining the following quantities:
Ai(p, T ) =
∫
d3kkiω(p,k)
Bi,j(p, T ) =
1
2
∫
d3kkikjω(p,k)
(10)
the collision integral C[f ] in Eq.3 becomes:
df(p)
dt
=
∂
∂pi
[
Ai(p, T )f(p) +
∂
∂pj
[Bi,j(p, T )f(p)]
]
.
(11)
The Eq.11 is the Fokker-Planck equation and the
quantities defined by the Eq.10 are the drag and dif-
fusion coefficients of the propagation of HQ in the
thermal bath at temperature T. If we consider an
isotropic medium, we can express the drag and dif-
fusion coefficients by the following relations:
Ai(p, T ) = A(p, T )pi
Bi,j(p, T ) = BL(p, T )P
||
i,j(p) +BT (p, T )P
⊥
i,j(p).
(12)
The diffusion coefficient is expressed by a longitu-
dinal BL and a transversal BT component respect
to the HQ momentum where P
||
i,j(p) = pipj/p
2 and
P⊥i,j(p) = δi,j − (pipj/p2) are the projection opera-
tors on the longitudinal and transverse momentum
components. Using the definition in Eq.10 we get
the following expression for Ai:
Ai(p, T ) =
=
1
2Ep
∫
d3q
2Eq(2π)3
∫
d3q′
2Eq′(2π)3
∫
d3p′
2Ep′(2π)3
× 1
dQ
×
∑
|MQ|2(2π)4δ4(p+ q − p′ − q′)
× fˆ(q)[(p− p′)i] ≡ 〈〈(p− p′)i〉〉 . (13)
while for Bi,j :
Bi,j(p, T ) =
1
2
〈〈(p− p′)i(p′ − p)j〉〉 . (14)
Finally, drag, transverse and longitudinal diffusion
coefficients can be calculated as follows:
BL(p, T ) =
1
2
pipj
p2
Bi,j =
=
1
2
[〈〈p′ · p〉〉 p2 − 2 〈〈p′ · p〉〉+ p2 〈〈1〉〉]
(15)
4BT (p, T ) =
1
2
[
δi,j − pipj
p2
]
Bi,j =
=
1
4
[
〈〈
p′2
〉〉− 〈〈(p · p′)2〉〉 /p2]. (16)
and for drag coefficient:
A(p, T ) = piAi/p
2 =
= 〈〈1〉〉 − 〈〈p′ · p〉〉 /p2. (17)
We recall that the standard approach to evaluate the
quantities in Eq.13 and Eq.14 is to write the integral
in the c.m. frame using the c.m. scattering angles
and the momentum q of the plasma particle:
〈〈F (p,p′, T )〉〉 = 1
(2π)3
∫ ∞
0
dqq2
∫ +1
−1
dcosα
×
∫ tmax
tmin
dtvrel
dσ
dt
fˆ(q)
∫ 2pi
0
dφcmF (p,p′, T )
(18)
where α is the polar angle of q and the Mandel-
stam variable t is expressed in terms of momentum
pˆ of heavy quark in the c.m. scattering system by
t = (p − p′)2 = −2|pˆ|2(1 − cosθcm). Finally, the
differential cross section takes the form:
dσ
dt
=
1
16π
1
[(s−M2Q −m2)2 − 4M2Qm2]
1
dQ
∑
|MQ|2.
(19)
B. Off-shell Transport coefficients
In order to have a more accurate description, the
propagation of heavy quark can be also treated tak-
ing into account off-shell effects due to collisions with
quasi-particle in the plasma. The collision integral,
that in the on-shell case is expressed by Eq.3, in the
off-shell case can be written as:
C[f ] =
∫
dmiA(mi)
∫
dmfA(mf )
× 1
2Ep
∫
d3q
2Eq(2π)3
∫
d3q′
2Eq′(2π)3
∫
d3p′
2Ep′(2π)3
× 1
γQ
∑
|MQ|2(2π)4δ4(p+ q − p′ − q′)
× [f(p′)fˆ(q′,mf )− f(p)fˆ(q,mi)] (20)
In particular, we want to investigate how the off-
shell quantum effects modify the evolution of charm
quark respect to the on-shell case that as a first ap-
proximation is commonly used to study the propa-
gation of these particles in the bulk of light quarks
and gluons.
The dynamical quasi-particle model (DQPM) de-
scribes QCD properties in terms of the single-
particle Green’s functions which leads to the descrip-
tion of QGP in terms of strongly interacting massive
effective quasi-particles with broad spectral func-
tions [51]. In this approach the parton masses and
widths are determined by fitting the quasi-particle
entropy density to the lQCD entropy density repro-
ducing the QCD equation of state extracted from
lattice QCD calculations [52]. The aim of this study
is an evaluation of the off-shell effects due to plasma
quasi-particles. In the DQPM approach in Ref.[45],
partons are dressed by non perturbative spectral
function A(q0) which associates a spectrum of ener-
gies to a particle of momentum q. The ansatz used
to model a nonzero width is obtained by replacing
the free spectral function by a Lorentzian form [45].
As shown in Ref.[45] the Lorentzian form has a peak
at small values of p/T at the pole mass of the charm
quarks and for it a non-relativistic approximation is
a good approximation.
In this work, we are interested in a non-relativistic
approximation of partonic spectral function in which
at small momenta q0 ≈ m, in this way A(q0) is
parametrized by a Breit-Wigner function ABW (mi)
[45, 53]. The width of the partons in the pertur-
bative limit are given by γ ≈ g2T ln g−1 where the
physical process contributing to the functional form
of the widths are elastic scattering like gg → gg,
gq → gq and qq(q¯)→ qq(q¯) are included. The func-
tional forms of bulk particles widths γg and γq as-
sociated to spectral function for µq = 0 are given
by:
γg(T ) =
1
3
NC
g2(T/TC)
8π
T ln
[
2c
g2(T/TC)
+ 1
]
γq(T ) =
1
3
N2C − 1
2NC
g2(T/TC)
8π
T ln
[
2c
g2(T/TC)
+ 1
]
(21)
Fitting the entropy density on the lQCD data, the
constant c is fixed to c = 14.4. The spectral function
associated to light quark and gluon in the plasma are
expressed by:
ABWi (mi) =
2
π
m2i γ
∗
i
(m2i −M2i )2 + (miγ∗i )2
(22)
where ABWi fulfills the normalization∫ ∞
0
dmiAi(mi, T ) = 1.
In Eq. 22, Mi is the pole mass of gluon and
light quark defined in Eq.4 and γ∗i is the width
associated to each particle mass. Such widths are
related to γi calculated in DQPM approach by the
relation 2q0i γi = miγ
∗
i [45]. Since we are taking into
account a regime where γ < Mi, the γ
∗
i of Eq. 22
can be written γ∗i ≈ 2γi. The off-shell dynamics
implies that the values of partonic masses can be
different before and after scattering process, i.e.
5mi 6= mf , differently from on-shell case in which
mi = mf , where Breit-Wigner function becomes a
delta function centered at Pole mass Mi. In Fig. 1,
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FIG. 1: Ratio between widths calculated in DQPM ap-
proach and the Pole MassMi as function of temperature
for quarks (blue solid line) and gluons (blue dashed line).
The green solid line is the correponding case with con-
stant ratio fixed to γ∗i /Mi = 0.75.
ratio between γ∗i and Pole mass Mi are shown for
gluon and light quark.
If we consider the off-shell quantum effects for the
plasma particle, the quantity of Eq.18 can be writ-
ten:
〈〈F (mi,mf ,p,p′, T )〉〉 =
∫
dmiA(mi)
∫
dmfA(mf )
× 1
(2π)3
∫ ∞
0
dqq2
∫ +1
−1
dcosα
∫ tmax
tmin
dtvrel
×dσ
dt
fˆ(mi,q)
∫ 2pi
0
dφcmF (mi,mf ,p,p′, T )
(23)
where mi and mf are respectively the initial and
final mass of partons respectively. In this case the
Mandelstam variable t = (p−p′) = 2M2Q−2EˆpEˆp′ +
2|pˆ||pˆ′|cosθcm.
III. RESULTS FOR TRANSPORT
COEFFICIENTS: ON-SHELL AND
OFF-SHELL
In the following we will compare the results com-
ing from the on-shell expression in Eq.18 with the
one in Eq.23 that include the off-shell effects.
Before systematically study and compare the
transport coefficients between the two different ap-
proaches presented in the previous sections we de-
scribe the common features in the following calcu-
lations. The number of thermal quark flavors is set
to nf = 3, the medium temperature is kept fixed.
A Boltzmann distribution is used for the thermal
light flavor quark and gluon distribution. The charm
quark mass is fixed to Mc = 1.3GeV . To regu-
late the collinear divergence of the t-channel in the
scattering matrix, the following replacement is per-
formed 1/t→ 1/(t−µ2D). Where we have set the De-
bye screening mass to mD =
√
4παs(T )T = g(T )T .
In the off-shell case this replacement takes the form
1/t → 1/(t − µ2D + i2γg(p0f − p0i )) where p0 is the
energy of charm quark [45].
In Fig.2 and Fig.3 we compare the transport co-
efficients as a function of the medium temperature
with a fixed HQ momentum of p = 0.1 GeV/c for
the two different approaches studied in this paper.
Solid lines refers to on-shell calculations while red
dashed lines for off-shell calculations. In Fig.2 we
show the results for the drag coefficient A. If quan-
tum off-shell effects for bulk are considered the drag
coefficients decrease of about 30% in the temper-
ature regime of T ∼ 1 − 2Tc. Similar conclusion
we get also for the diffusion coefficient BT as show
in Fig.3, where in this case we observe a reduction
of about 35 % in the same range of temperature.
Both difference decrease at increasing temperature.
We clarify that here we are keeping the couplig of
quark and gluons to be the same in the on-shell and
off-shell case to see the main direct effect of the in-
clusion of a finite widths for the quasi-particles. Of
course another approach could be to upscale g(T ) to
have the same energy density in both on-shell and
off-shell case. Being the change in energy density of
about 10− 15% this case corresponds to a change of
g(T ) by only few percent.
We have checked if the decrease in the drag can
be a mere effect of the decrease of the equilibrium
energy density ǫ. Therefore we have calculated the
A/ǫ ratio as shown in Fig.4 for different values of
temperature. We can see that when we divide drag
coefficient obtained in on-shell and off-shell mode
by the respective values of the energy density of the
bulk system, the decrease of coefficient in off-shell
case is completely re-absorbed for intermediate and
high momentum. The scaling with ǫ is only par-
tially fulfilled in the limit p → 0 and we see that
a difference between on-shell and off-shell mode of
about 10% remains even when the comparison is
done renormalizing at the same energy density. This
allows to draw a first conclusion about the fact that
there is an impact of off-shell effects at low p, but
a sizeable part can be traced-back to a change of
the energy density when simply increasing increas-
ing the width. Furthermore already at intermedi-
ate momenta p the transport coefficients become the
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1
A
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1 ]
On-Shell
Off-Shell (γ*DQPM)
p = 0.1 GeV
FIG. 2: Drag coefficient (A(T )) as a function of the
medium temperature at fixed HQ momentum p =
0.1GeV for on-shell approach (black solid line) and off-
shell approach (red dashed line).
0,1 0,2 0,3 0,4 0,5 0,6 0,7
T [GeV]
0,01
0,1
1
B
T 
[G
eV
2 /f
m
]
On-Shell
Off-Shell (γ*DQPM)
p = 0.1 GeV
FIG. 3: Diffusion coefficient BT (T ) as a function of
the medium temperature at fixed HQ momentum p =
0.1GeV for on-shell approach (black solid line) and off-
shell approach (red dashed line).
same once renormalized to the energy density, as
we can see in Fig. 4 comparing open and filled cir-
cles. This is true at least when the values of the
widths are relatively small as in DQPM approach.
In this context, we want also to check the violation
of fluctuation-dissipation theorem (FDT) [9] for on-
shell and off-shell case. The validity of this relation
can be verified evaluating the ratio between diffu-
sion coefficient BT , obtained by scattering matrix
MQ with the value of BT predicted by fluctuation-
dissipation relation. In order to fulfill the FDT this
ratio should be equal to 1. In general, when we cal-
culate transport coefficient with scattering matrix
0.1 0.2 0.3 0.4 0.5 0.6 0.7
T [GeV]
0.01
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1  
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eV
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On-Shell (p = 0.1 GeV)
On-Shell (p = 5 GeV)
Off-Shell (p = 0.1 GeV)
Off-Shell (p = 5 GeV)
FIG. 4: Ratio between drag coefficient (A) and energy
density (ǫ) as function of temperature for two different
HQ momentum p = 0.1GeV and p = 5GeV . Black
solid and red dashed line respectively for on-shell and
off-shell for p = 0.1GeV while full black circles and open
red circles respectively for on-shell and off-shell for p =
5GeV
one obtains however a significant deviation [9]. In
Fig.5 it is shown the ratio between BT and TEA
where E =
√
p2 +M2 for the two cases discussed
in this paper for on-shell and off-shell partons. We
observe that the FDT is better verified when off-
shell bulk is taken into account where we obtain an
improvement with respect to on-shell case of about
10%. Moreover we observe that the FDT is bet-
ter verified at higher temperature where we obtain
a deviation lower than 15%. In the results shown in
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T [GeV]
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T/
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On-Shell (p = 0.1 GeV)
Off-Shell (p = 5 GeV)
Off-Shell (p = 0.1 GeV)
Off-Shell (p = 5 GeV)
FIG. 5: BT /TEA as a function of temperature for both
on-shell and off-shell approaches and p = 0.1GeV and
p = 5GeV . Same legend as in Fig.4.
the previous figures we have considered the widths
γ∗i given by the DQPM approach[45]. As shown in
7Fig.1, such widths (i.e. γ∗q ≈ 260 MeV, γ∗q ≈ 110
MeV at T = 200 MeV) are significant smaller than
the quasi-particle masses.
In order to explore also the impact of quantum
off-shell effects on the transport coefficients we ar-
tificially increase the widths considering γ∗ about
2-3 times larger than those of DQPM approach for
quarks, i.e. γ∗/M = 0.75 for both quarks and glu-
ons (i.e. γ∗g ≈ 520 MeV, γ∗q ≈ 330 MeV at T = 200
MeV) as shown by green line in Fig.1. We consider
larger widths with respect to the DQPM, because
they are conceivable in other approaches especially
considering values of the shear viscosity to entropy
density ratio, η/s, is about 0.1, while for DQPM it
is stays in the range η/s ∼ 0.2− 0.3 for T ∼ Tc.
In Fig.6 and Fig.7 we have shown the HQ trans-
port coefficients, respectively drag A and diffusion
BT , as function of charm momentum at fixed T =
0.2GeV including now the γ∗/M = 0.75 case. If
we can see that considering bigger widths for Breit-
Wigner distribution with respect to DQPM one,
there is a decrease of the transport coefficients. Fur-
thermore, a limited improvement for FDT validity
is observed for the case of larger widths where the
FDT is satisfied within 10 %, as shown by open green
circles in Fig.8. Finally, in Fig.9 it is shown the
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FIG. 6: Drag coefficient (A) as a function of momentum
for fixed medium temperature at T = 0.2GeV for on-
shell approach (black solid line) and off-shell approach
(red dashed line). The open green circles refers to the
case with larger widths with fixed ratio γ∗i /Mi = 0.75.
A(p)/ǫ ratio as a function of the charm quark mo-
mentum and for temperature T = 0.2GeV. Com-
paring black solid line with red dashed line, we ob-
serve a scaling between on-shell and off-shell calcu-
lation for p ≥ 2 − 3GeV and breaking a lower mo-
mentum. This suggests that for the widths used
in DQPM the difference in the drag coefficient in
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FIG. 7: Diffusion coefficient (BT ) as a function of mo-
mentum and for fixed medium temperature at T =
0.2GeV for on-shell approach (black solid line) and off-
shell approach (red dashed line). The open green cir-
cles refers to the case with larger widths with fixed ratio
γ∗i /Mi = 0.75.
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FIG. 8: BT /TEA as a function of charm momentum
and fixed temperature T = 0.2GeV for both on-shell
and off-shell approaches. Same legend as in Fig.6.
off-shell case is completely re-adsorbed for high mo-
mentum of charm. Furthermore, if we increase the
widths as shown by open green circles we get that
the drag coefficient shows a larger breaking of the
scaling at least for p <∼ 2 − 3GeV that at p → 0 is
maximal and corresponds to a reduction of about a
40%.
80 1 2 3 4 5 6 7 8
p [GeV]
1
10
A
/ε
 
[fm
-
1 /G
eV
4 ]
On-Shell
Off-Shell (γ*DQPM)
Off-Shell (γ* =0.75 M)
FIG. 9: A(p)/ǫ ratio as function of charm momentum at
T = 0.2 GeV for on shell (black solid line) and off-shell
γ∗DQPM (red dashed line) and γ
∗ = 0.75M (open green
circles).
IV. HEAVY QUARKS MOMENTUM
EVOLUTION IN THE QGP: ON- AND
OFF-SHELL BOLTZMANN AND LANGEVIN
DYNAMICS
In this section we discuss about the time evolution
of HQs within Boltzmann scattering with on-shell
quarks and gluons and the extension of the Boltz-
mann collision integral to account for off-shell condi-
tions by mean of the Breit-Wigner spectral functions
as done for the transport coefficients, see Eq. 20. We
are interested in the evolution of the HQ distribu-
tion function fQ(x, p) in a thermal bulk described
through QPM approach and we have considered a
plasma in equilibrium in a box with constant tem-
perature T. In this study, the starting point to in-
vestigate the HQ evolution for both on-shell and off-
shell approaches is the simplified form of the Boltz-
mann equation that is expressed in Eq.2. We can
write:
∂fQ
∂t
=
1
EQ
C[fq, fg, fQ]. (24)
Since in the previous equation the field gradi-
ents are discarded, it is valid for both on-shell
and off-shell dynamics, with the last embedded in
C[fq, fg, fQ] according to Eq. 20. After a time dis-
cretization the Boltzmann equation can be written
as
f(t+∆t, p) = f(t, p) +
∆t
EQ
C[f ] +O(∆t3). (25)
As for the transport coefficients, the numerical so-
lution of Boltzmann equation is obtained by a code
that implement a Monte-Carlo integration method
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FIG. 10: N(t) − N0 as a function of time. Left panel
different lines are for different momentum discretization
with a fixed number of MC sampling to Ns = 10
8 while
in the right panel the different lines refers to the different
MC sampling used for ∆P = 0.005GeV .
for the full collision kernel described by Eq.s 3 and
20. Different tests have been done in order to ver-
ify the convergency of the collision integrals both in
on-shell and off-shell case. It is important to fix the
number of MonteCarlo samples Ns, in particular for
off-shell case, where we have two additional integra-
tions over spectral function that give the weight of
each initial and final mass of light partons in the
bulk. In this study, we have discretized the time
and the HQ momentum p in the propagation in or-
der to calculate the evolution of phase-space distri-
bution function of charm quarks. We want that the
integral over the distribution function is conserved.
Therefore, we can write:
∂N
∂t
=
∫
d3p
∂f
∂t
=
∫
d3p
C[f ]
EQ
≡ C¯ (26)
where N is the number of charms quarks. If the
integral is not conserved, we can assume a variation
∆N according to N(t) = N0+ C¯∆t where N0 is the
initial number of charm quarks.
In Fig.10 it is shown an example of study of the
convergence of the off-shell collision integral, similar
results we get also for the on-shell case. In partic-
ular, we have studied the time evolution of ∆N for
different momentum discretization ∆p (left panel)
and number of samples Ns (right panel) used for the
Monte-Carlo calculation of the collision integral. We
have found that the most appropriate number of mo-
mentum discretization and Monte-Carlo samples is
∆p = 5 × 10−3GeV and Ns = 108. A similar study
it has been performed for the time step ∆t we found
that ∆t = 0.1fm is enough to get the convergency
9of differential equation Eq.25. Within the numeri-
cal approach used in this paper both particle num-
ber and energy are conserved to an accuracy bet-
ter than 10−4 within the time range explored in the
following figures. We have also checked that at the
thermalization time τeq., the distribution reaches the
equilibrium condition defined by Juttner-Boltzmann
solution and the integral over distribution function
is conserved at each time step.
In soft scattering approximation, another stan-
dard approach used to describe the HQ propagation
in the bulk medium of quarks and gluons is by means
of a Fokker-Planck equation of Eq.11. The Fokker-
Planck equation is solved by a stochastic differential
equation given by the Langevin equation where the
equations of motion of the HQs are given by
dxi =
pi
E
dt
dpi = −Apidt+ Ci,jρj
√
dt. (27)
This set of equations describe the variation of co-
ordinate dxi and momentum dpi in each time step
dt [14, 54, 55]. In the previous equation, A repre-
sents drag force and Ci,j is the covariance matrix
that describes stochastic force in term of indepen-
dent Gaussian-normal distributed random variables
ρj . The random variable ρj obey to the following
distribution p(ρ) = (2π)−3/2e−ρ
2/2 with the condi-
tions that < ρi >= 0 and < ρiρj >= δ(ti− tj). This
covariance matrix is related to diffusion coefficient
in the following way:
Ci,j =
√
2BTP
⊥
i,j +
√
2BLP
||
i,j (28)
where BT and BL are respectively the transverse
and longitudinal component of diffusion coefficient.
In general BL = BT = D for p→ 0 and it is a stan-
dard choice by several groups also at finite momenta
p when studying the HQ observables in realistic sim-
ulation of ultra-relativistic collisions [14, 55–57]. In
Langevin approach, the fluctuation-dissipation rela-
tion BT = TEA is commonly employed even if a
microscopic derivation in general violates such rela-
tion at finite momentum as we have discussed in the
previous sections. We have verified that the numer-
ical solution of Langevin equation converges to the
equilibrium solution feq = e
−E/T at very large time.
In order to fulfill this condition we reformulate the
fluctuation-dissipation theorem as suggested by the
pre-Ito interpretation[54] and we solve the Langevin
equation with the condition:
A(p) =
D(p)
ET
− D
′(p)
p
(29)
therefore takingD(p) = BT (p) as calculated by scat-
tering matrix according to Eq. 15 and Eq. 18 and we
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FIG. 11: Charm quark momentum distribution as a
function of the charm quark momentum at four differ-
ent times t = 1 fm/c (left upper panel) and t = 2 fm/c
(right upper panel), t = 4 fm/c (left lower panel) and
t = 8 fm/c (right lower panel). Black solid lines are for
on-shell dynamics while red dashed lines are for off-shell
dynamics. The solid thin green line is the initial distri-
bution that is the same for both calculations.
evaluate the correct drag force to achieve equilibrium
distribution at themalization time. This procedure
is necessary to guarantee that for t → ∞ (>∼ τeq.)
also the Langevin approach converges to the correct
equilibrium distribution as naturally occurs for the
Boltzmann evolution. Such agreement is shown in
the right-low panel of Fig. 11.
A. Results on HQ moment evolution
To investigate the differences between the heavy
quark dynamics implied by Boltzmann on-shell dy-
namics and Off-shell dynamics, we study the heavy
quark time evolution of the momentum distribution.
In the following results we have considered a thermal
bulk of light quarks and gluons at a temperature of
T = 0.2GeV . In our calculation the initial charm
quark distribution is assumed as an approximately
delta distribution at p0 = 5GeV shown by the green
line in the left panel of Fig.11.
In Fig. 11, we show the time evolution of the mo-
mentum distribution dN/dp for both on-shell (black
solid line) and off-shell dynamics (red dashed line)
with γ∗DQPM . As shown the Boltzmann approach
with off-shell collision integral has a slower dynam-
ics than the on-shell one. This can be understood as
due to the fact that in the off-shell case the spread-
ing of the bulk mass according to the quarks and
gluons spectral functions can be assimilated as a sys-
tem with a larger average effective mass, considering
10
0 1 2 3 4 5 6
p [GeV]
0
10
20
30
40
50
60
dN
/d
p 
[G
eV
-
1 ]
t = 1 fm/c
t = 2 fm/c
t = 4 fm/c
dN
/d
p 
[G
eV
-
1 ]
t = 1 fm/c
t = 2 fm/c
t = 4 fm/c
On-Shell Off-Shell
FIG. 12: Time evolution of the charm quark momentum
distribution in a thermal bulk at T = 0.2GeV . Solid
lines are for the on-shell dynamics while dashed lines are
for off-shell dynamics. Different colors are for different
times. For the off-shell case in this calculation γ∗i /Mi =
0.75 and the energy density of the bulk is the same to
the on-shell case.
that the part of the spectral function at larger mass
has anyway a larger phase space. At t > 4 fm/c for
both cases the momentum distribution tend towards
a thermal distribution at T = 0.2GeV as shown in
the right lower panel of Fig.11 by the open square
points. The main difference is a faster evolution for
the on-shell case that is however mainly due to the
fact that the on-shell and off shell dynamics have an
underlying bulk system with a different energy den-
sity and the drag coefficients are those corresponding
to Fig.9
In the following discussion we will show instead
two different calculations for two different drag and
diffusion coefficient implementation. The motiva-
tion is twofold. From one hand we try to discard
the pure off-shell effect in the HQ dynamics from
the on-shell one. From the other hand we are mo-
tivated by the fact that different approaches have
been used to extract the HQ transport coefficients
from the comparison of the observables, like nuclear
modification factor and anisotropic flows, with the
experimental data. In particular we will compare
the results obtained within Langevin approach and
within the on-shell and off-shell dynamics. We firstly
have considered one case where we scale the drag co-
efficient of the off-shell kernel to the on-shell one by
the energy density for the case at larger width con-
sidered γ∗/M = 0.75.
Here we considered the evolution on-shell and off-
shell (γ∗/M = 0.75) for a bulk that has been tuned
to have the same energy density in agreement with
lQCD calculation. This case is different from the
previous one because here the bulk QGP as the same
energy density in the two cases. As was shown in
the previous section in Fig.9, the effect of the trans-
port coefficient between off-shell and on-shell in large
part due to the difference in the energy density is
damped when considered the physical case where
both on-shell and off-shell are tuned to the same
energy density. In order to achieve this point, we
upscale the off-shell scattering matrix by a constant
factor k = ǫon−Shell(T )/ǫoff−Shell(T ) that in our
simulation for a thermal bulk at T = 0.2GeV is
about k ≈ 1.5 corresponding to an underlying in-
crease of the coupling g(T ) of about a 6%. In Fig.12
it is shown the time evolution of the charm momen-
tum distribution for both on-shell and off-shell dy-
namics. We can notice that off-shell drag coefficient
remains smaller than on-shell one especially at low
momenta and this implies an off-shell dynamics that
is slightly slower with respect to the on-shell case,
but the effect remains quite small. From these cal-
culation we can assert that the differences seen in
Fig. 11 are mainly due to the different energy den-
sity induced by the fact that keeping equal the pole
value of the mass and dressing the system by a fi-
nite width induces a decreasing of the energy of the
system. Such an effect is nearly negligible for the
off-shell case with γ∗DQPM ≃ 0.3 − 0.4M , but be-
comes sizeable for γ∗/M = 0.75. However the pure
off-shell dynamics does not show relevant differences
as we can see comparing the on-shell (solid lines)
and off-shell mode (dashed lines). This suggests that
on-shell Boltzmann equation is still a quite good ap-
proximation to study the evolution of the charm mo-
mentum distribution at least up to γ∗ < M .
Finally, we have performed another calculation
where we upscale the on-shell scattering matrix
|MQ|2 in order to reproduce the same drag coef-
ficient obtained with the off-shell collision integral.
This corresponds to multiply the on-shell scattering
matrix |MQ|2 by a function k(p). It may be consid-
ered as non realistic case because we have seen that
the impact of off-shell dynamics on transport coeffi-
cient is momentum dependent and leads to induce a
slower increase of the drag coefficient at lower mo-
menta. We have considered it to study theoretically
what happens if the interaction is such to generate
exactly the same drag A(p) at each momentum. We
show the results of this set-up for the case γDQPM .
in Fig. 13. We can see that the time evolution of
the HQ momentum distribution for the three differ-
ent approaches on-shell Boltzmann (solid lines), off-
shell Boltzmann (dashed lines) and Langevin (dot-
dashed lines). By comparing solid lines and dashed
lines once where one impose the same drag coeffi-
cient the two approaches show the same evolution.
Notice that in the Langevin calculations, we have
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FIG. 13: Charm quark momentum distribution as a
function of the charm quark momentum at four differ-
ent times t = 1 fm/c (left upper panel) and t = 2 fm/c
(right upper panel), t = 4 fm/c (left lower panel) and
t = 8 fm/c (right lower panel). Black solid lines are
for on-shell dynamics, red dashed lines are for off-shell
dynamics while blue dash-dotted lines are for langevin
dynamics. The solid thin green line is the initial distri-
bution that is the same for each calculations.
used the pre-ito prescription where the diffusion co-
efficient is the one obtained within off-shell calcu-
lation shown in Fig.7. As shown the Langevin dy-
namics consists of a shift of the average momenta
with a fluctuation around it. This include the pos-
sibility that HQ obviously lose energy moving the
distribution to lower momenta but at the same time
they can gain energy from the bulk producing a tail
with momentum larger than the initial HQ momen-
tum p0. As shown, by the comparison between the
Langevin and Boltzmann dynamics, the Boltzmann
evolution of the charm quarks momentum does not
have a Gaussian shape like one for the Langevin ap-
proach. Where at the initial time the Boltzmann
dynamics with respect to the Langevin one shows
at initial stages a larger contribution from the gain
term in the collision integral with a global shape that
is far from the Gaussian shape typical of Brownian
motion [58].
B. Nuclear Modification factor RAA in
Boltzmann and off-shell dynamics
One of the main HQ observable investigated at
RHIC and LHC energies is Nuclear Modification fac-
tor RAA. It expresses the effective energy loss in
Nucleus-Nucleus collision with respect to the pro-
duction in proton-proton collisions. In general, RAA
gives a quantitative estimate of heavy quarks-bulk
interaction. Motivated by the phenomenological
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FIG. 14: Nuclear modification factor, RAA as function of
charm momentum p. Solid lines refers to the case of on-
shell calculations. The red dashed line refer to off-shell
calculation with scattering matrix scaled with the energy
density while the green open circles refer to the same
calculation but with larger width fixed to γ∗i /Mi = 0.75.
point of view, we have studied the impact of the
results shown in the previous section on the evolu-
tion of the spectra in terms of the RAA(p) for charm
quarks. We evaluate the Nuclear Modification factor
using the charm quark distribution function at t = 0
and t = tf as RAA = fC(p, tf )/fC(p, t0) both for on-
shell and off-shell dynamics. In these calculation for
the initial momentum distribution of charm quark,
we have used the charm quark production in Fixed
Order + Next - to - Leading Log (FONLL) [59] which
describes the D-meson spectra in proton-proton col-
lisions after fragmentation.
In Fig.14 we show the nuclear modification factor
RAA as a function of the charm quark momentum for
both on-shell and off-shell. Black Solid line refers to
the case of on-shell calculations while the red dashed
line and the green open circles refer to off-shell cal-
culation with scattering matrix scaled to the case
of the on-shell energy density and with γ∗DQPM and
γ∗i /Mi = 0.75 respectively. As shown, by compar-
ing solid and dashed line, in the off-shell approach
with γ∗DQPM the nuclear modification factor RAA
does not show significant difference with respect to
on-shell calculations especially for intermediate and
high momentum of quark charm as shown in the
same condition for evolution of distribution func-
tion. Also for the case of off-shell dynamics with
γ∗/Mi = 0.75 we find that the RAA(p) is slightly
larger at high p than on-shell one and it differs from
the on-shell calculation less than 10%. Therefore a
main result of thi work is that the off-shell dynamics
does not modify significantly the relation between
RA,A(p) and Ds(T ) and it would not represent a
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main source of uncertainty in the phenomenological
determination of the space diffusion coefficient that
are currently more dependent on the hadronization
mechanism, Langevin versus Boltzmann transport
equation, assumption for bulk QGP expansion, ef-
fects of non-equilibrium in the initial stage [7, 8, 60].
V. SUMMARY AND CONCLUSION
We have studied the impact of off-shell dynamics
on the drag and diffusion transport coefficients. We
have found that if one just include the off-shell dy-
namics of quasi-particles associated to a finite mass
width this induce a moderate decrease of the den-
sity of the system an this leads to a smaller drag
and diffusion charm coefficient that is dependent on
charm momentum. However when the comparison
is done renormalizing the energy density of the sys-
tem, that is the one of lattice QCD, one can see
that the main effect of off-shell dynamics is to re-
duce the increase of the drag A(p, T ) and BT (p, T )
at lower momenta p <∼ 2− 3GeV. Such a reduction
depends of the width and is maximal at p = 0 being
for γDQPM ≈ 0.3 − 0.4mq,g about a 25% while in-
creasing up to about a 35% for the γ∗ < 0.75mq,g.
In both case at p > 3GeV such a difference disap-
pears completely.
We then have studied how a charm of momentum
p loose energy in a bulk QGP in equilibrium at tem-
perature T=0.2 GeV, comparing for the first time
the time evolution of the momenta in a Langevin,
Boltzmann on-shell and Boltzmann off-shell trans-
port approach. We find that at least in the regime
of widths γ∗ < M the evolution of charm momenta
are only slightly modified by off-shell dynamics, also
the impact of the last on RAA(p) is of about a 5% at
least at momenta p > 1GeV. Therefore from a phe-
nomenological point of view the relation between the
nuclear modification factor RAA(pT ) and the space
diffusion coefficient (or the drag) is not significantly
modified by off-shell dynamics.
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